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A computational study is presented of the nonlinear combustion instability of a multi-injector rocket engine. The

studyaddresses a chokednozzle anda combustion chamberwith 10 and19 coaxial injector ports.Computations using

a three-dimensional unsteady k − ω shear-stress transport delayed detached-eddy simulation method provide

detailed time-resolved information about the combustion instability. The spontaneous longitudinal-mode instability

is observed for the 10- and 19-injector geometries with a combustion-chamber diameter of 28 cm. The triggered

tangential and longitudinal instability modes are obtained for the 19-injector geometry with a combustion-chamber

diameter of 43 cm by pulsing the injector mass flux. It is shown that an oscillating combustion-chamber flow can be

triggered to a new mode with a larger disturbance amplitude. The streamwise vorticity created by the instability

impacts the heat release in amanner that supports the instability. Apreliminary study of injector-size scaling effects is

performed by comparison of the 10- and 19-injector combustors.

Nomenclature
�A = preexponential chemical rate constant, 1∕s
cp = specific heat at constant pressure, J∕�kg ⋅ K�
Dc = diameter of combustor chamber, cm
Dfuel = outer diameter of coaxial injector, cm
Dkj = mass diffusivity for species k in j direction, m2∕s
Dox = inner diameter of coaxial injector, cm
Dt = diameter of nozzle throat, cm
E = stagnation internal energy, J
e = stagnation specific internal energy, J∕kg
H = stagnation internal enthalpy, J
h = specific enthalpy, J∕kg
hs = stagnation specific enthalpy, J∕kg
K = injector scaling coefficient, s2∕m
k = turbulent kinetic energy, m2∕s2
Lchamber = length of combustion chamber; 50 cm
Lthroat = distance between injector plate and choked nozzle;

33 cm
n = power of the velocity difference
p = static pressure, bar
qi = energy flux in ith direction, J∕�m2 ⋅ s�
R = mixture specific gas constant, J�kg ⋅ K�
Rad = radius of the chamber, cm
Rthroat = radius of the throat, cm
T = temperature, K
t = time, s
ui = velocity components, m∕s
Vk;i = correction velocity for species k in the ith direction,

m∕s
W = total molecular weight, kg∕mol
Wk = molecular weight of species k, kg∕mol
Xk = mole fraction of species k
xi = position, m
Yk = mass fraction of species k

γ = ratio of specific heats
ϵ = magnitude coefficient
ηCH4

= reaction efficiency
λ = total thermal diffusivity, m2∕s
λk = thermal diffusivity of species k, m2∕s
μ = total dynamic viscosity, kg∕�m ⋅ s�
μk = dynamic viscosity of species k, g∕�m ⋅ s�
μt = turbulent eddy viscosity, g∕�m ⋅ s�
νt = turbulent kinematic viscosity, g∕�m ⋅ s�
ρ = mass density, kg∕m3

τij = shear stress tensor, Pa
ω = specific rate of dissipation
_ωk = reaction rate of species k, kg∕�m3 ⋅ s�

I. Introduction

C OUPLING mechanisms between acoustic waves and flames
control two important phenomena in the development of

modern combustion system: combustion dynamics and combustion
instability [1]. Noise in the combustion process is directly related to
vortex shedding. For the combustion instability, flames create noise
but are also influenced by the noise leading to a resonant interaction.
In general, the combustion instability is an undesired and harmful
phenomenon. The resulting large-amplitude pressure oscillation can
eventually damage the engine.
Combustion instability has been studied for many decades. An

excellent compilation of works during the 1950s and 1960s was
edited by Harrje and Reardon [2]. Also, a discussion of the F-1
rocket-motor instability problems was given by Oefelein and Yang
[3]. During the period, most of the physics of the oscillation were
identified. The longitudinal-mode linear instability was addressed
extensively by Crocco and Cheng [4,5]. The two-parameter (n, n; τ)
coupling between combustion and acoustics was developed for the
stability analysis application. Sirignano and Crocco [6] and Mitchell
et al. [7] performed nonlinear analyses for the longitudinal modewith
shock-wave formation with spontaneous and triggered instabilities.
Later, Zinn extended the theory for a transverse mode analysis [8].
Culick [9] noted two general types of acoustical combustion
instability: driven instability and self-excited instability. Driven
instability is more relevant in solid-propellant rocket engines. Self-
excited instability is more relevant in liquid-propellant rocket
engines. Self-excited instability includes linear and nonlinear
instabilities. The linear instability indicates spontaneous instability.
The nonlinear instability indicates triggered instability. A larger-
than-threshold disturbance is required to trigger the instability. A
detailed history of theoretical and experimental research was
reviewed by Nguyen and Sirignano [10].
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The combustion instability mechanism is very complex due to the
nonlinear dynamics system involving the possible injector-to-injector
interactions and interactions with the feed system and upstream
manifold. Systematic experimental studies of combustion instability
are very difficult because of the expense and the limitation of current
measurement techniques [11,12]. With the recent rapid increase
of computer power and new numerical algorithm development,
numerical simulations are used to study the combustion instability of
complex systems, which provides a more complete picture of the
combustion instability mechanism than can be obtained from
experimental data. There are several single-injector and multi-injector
studies [10,13–15].Oefelein andYang [13] simulated twodimensional
single-injector flow with 24 chemical reactions using a large-eddy
simulation (LES). Nguyen et al. [14] and Nguyen and Sirignano [10]
developed a highly efficient solver using the delayed detached-eddy
simulation and compressible flamelet progress variable models with
the assumption of infinitely fast chemical reaction. The flame
dynamics occurred across three different instability regimes; fully
unstable, semistable, and completely stable were examined. Also, the
complex thermochemical mechanisms promoting combustion
instability were analyzed. Urbano et al. [15] performed the LES for a
hydrogen–oxygen liquid-rocket engine with 42 coaxial injectors. The
simulation was performed for two operating conditions investigated
experimentally at the DLR, German Aerospace Center laboratory. A
pressure disturbance with a first transverse modal distribution was
superimposed on the initial solution. They found that the oscillation is
quickly dissipated when a small pressure disturbance is applied,
whereas the oscillation reaches a limit cycle when a greater-than-
threshold pressure disturbance is applied. A systematic numerical
simulation of a multi-injector system remains to be demonstrated.
To better understand the effect of pressure disturbances on the

stability of the reacting flow in a rocket-engine combustor with
multiple injectors and a choked nozzle, a computational study is
performed in this paper. Previouswork in two dimensions [10,14,16–
22] has shown the growth and decay of pressure oscillations. We
attempt to understand the growth and decay of similar pressure
disturbances in a three-dimensional geometry. The open-source
computational fluid dynamics software OpenFOAM is used for this
study. The study is conducted for a choked nozzle combustion
chamber with 10 and 19 coaxial injector ports. We begin by
describing the governing equations, the boundary conditions, and the
chemistry models. To trigger the longitudinal- and tangential-mode
instabilities, pulsing excitation of the injector mass flux is applied.
Then, the simulation results are qualitatively analyzed.At the end, the
injector-size scaling effects are discussed.

II. Numerical Method

A. Governing Equations

The compressible Navier–Stokes equations can be expressed as
follows:

∂ρ
∂t

� ∂�ρuj�
∂xj

� 0 (1)

�∂ρui�
∂t

� ∂�ρuiuj�
∂xj

� ∂τij
∂xj

−
∂p
∂xi

(2)

∂�ρE�
∂t

� ∂��ρE� P�uj�
∂xj

� _ωT −
∂qi
∂xi

� ∂�σijui�
∂xj

(3)

where the viscous stress tensor τij is given by

τij � τLij � τTij (4)

τLij � μ

�
∂ui
∂xj

� ∂uj
∂xi

�
−
2

3
μ
∂uk
∂xk

δij (5)

σij � τij − pδij (6)

Note that _ωT represents the heat release rate due to combustion,
and qi represents the energy flux and is given by

qi � −λ
∂T
∂xi

� ρ
XNS
k�1

hkYkVk;i (7)

The first term in qi represents Fourier’s conduction law, and the
second term represents energy transport via the diffusion of species
with different specific enthalpies. Vk;i represents the diffusion
velocity and is defined as

Vk;i � −
Dk

Xk

∂Xk

∂xi
(8)

The species transport equation is

∂�ρYk�
∂t

� ∂�ρujYk�
∂xj

� ∂
∂xj

�
ρDkj

Wk

W

∂Xk

∂xj

�
� _ωk;� 1; : : : ;NS

(9)

where Wk is the species molecular weight, W is the total molecular
weight, Dk is the coefficient of species diffusion, and _ωk is the
generation of species due to chemical reactions.

B. Turbulence Model

The closure turbulence model used to evaluate the turbulent shear
stress τT and viscosity μt is the k − ω shear-stress transport (SST)-
based [23] detached-eddy simulation (DES) [24] turbulence model.
The k − ω SST DES equations are

∂�ρk�
∂t

� ∂�ρujk�
∂xj

� P − ρk3∕2∕ ~l� ∂
∂xj

�
�μ� σkμt�

∂k
∂xj

�
(10)

∂�ρω�
∂t

� ∂�ρujω�
∂xj

� γ

νt
P − βρω2 � ∂

∂xj

�
�μ� σωμt�

∂ω
∂xj

�

� 2�1 − F1�
ρσω2
ω

∂k
∂xj

∂ω
∂xj

(11)

where

P � τij
∂ui
∂xj

(12)

The turbulent eddy viscosity is given by

μt �
ρa1k

max�a1ω;ΩF2�
(13)

The turbulent shear stress is calculated using

τTij � 2μt

�
Sij −

1

3

∂uk
∂xk

δij

�
−
2

3
ρκδij (14)

F1 and F2 represent blending functions. The model constants β�,
σk, σω, and β can then be calculated by

ϕ � F1ϕ1 � �1 − F1�ϕ2 (15)

Note that ~l is the length scale:

~l � min�k1∕2∕�β�ω�; CDESΔ� (16)

CDES � �1 − F1�C1 � F2C2 (17)
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Δ is the cube root of the cell volume. C1 is 0.61, and C2 is 0.78.
Turbulent wall boundary conditions such as the k-q-R wall and ω
wall functions are used at the injector plate, injector interfaces, and
chamber wall.

C. Chemistry Model

The Westbrook–Dryer one-step global reaction with laminar
kinetics is used to calculate the generation of species due to chemical
reactions _ωk and the heat release rate _ωT . No turbulent combustion
closure is included. This approach was used to simulate the rocket
engine combustor instability [25] and afterburner combustion
problems [26].
This is the simplest chemical mechanism that requires only

tracking four species: methane (CH4), oxygen (O2), carbon dioxide
(CO2), and water (H2O). The rate of change of fuel mass fraction is
given by

dYfuel

dt
� − �AYm

fuelY
n
oxe

�−Ea∕RuT� (18)

where CH4 is the fuel, and O2 is the oxidizer in the simulation. The
chemical rate constants are A � 8.3 × 105 �gmol∕cm3�1−m−n∕s,
m � −0.3, n � 1.3, and Ea � 30 k cal∕gmol. The generation of
species is calculated using

_ωk � ρ
dYk

dt
(19)

The mass fractions are related to the other species using the
chemical reaction equation

CH4 � 2O2 ⇔ CO2 � 2H2O (20)

and molecular weights to give

dYk

dt
� MWk

MWCH4

Ck

CCH4

dYCH4

dt
(21)

Ck corresponds to the coefficient in front of eachmolecular species in
Eq. (20). The heat source term due to chemical reactions is given by

_ωT �
XNS
k�1

_ωk

�
hf0 �

Z
T

0

Cp;i�s� ds
�

(22)

D. Numerical Solver

In this study, the OpenFOAM is used to solve the governing
equations. The differencing schemes used are second-order accurate
in both space and time. The time discretization is second-order
implicit backward differencing. Gaussian integration is used for the
spatial discretization with linear interpolation from cell centers to cell
faces for second-order derivatives. The rhoReactingFoam solver is
used for the compressible combustion simulation with chemical
reaction using a density-based thermodynamics package. The fuel
CH4 and oxidizer O2 injection temperatures are 400 K. The critical

temperatures for CH4 and O2 are TCH4
� 190.4 K and

TO2
� 154.6 K, respectively. Thus, the injection temperatures of

these propellants are above the critical values. And, the pressures and
combustion-product temperatures in the combustion chamber are
higher than the critical points of the gases. The ideal-gas state
equation is used in this paper. The specific heat Cp is calculated as a
function of temperature from the Joint Army Navy NASA Air Force
tables of thermodynamics. The reacting-mixtures model is used to
calculate the properties of the mixtures.

E. Computational Mesh

For both the 10- and 19-injector geometries, the fuel and oxygen
were injected with coaxial injectors at a fixed mass flux (oxygen in
the center, and fuel on the outside). Injector areas are chosen such
that, given thismass flux, themeanvelocity ratio between the fuel and
oxygen is 2.28. For the 10-injector geometry, this resulted in Dox �
1.96 cm and Dfuel � 2.20 cm. For the 19-injector geometry, this
resulted in Dox � 1.42 cm and Dfuel � 1.61 cm. The mass flux for
each run is listed in Table 1. The combustion-chamber diameters are
28 and 43 cm. The length of the combustion chamber is 50 cm, and
the distance between the injector plate and the choked nozzle is 33 cm
for every case. The throat diameter for every run is also presented in
Table 1. The grid is carefully generated to capture the burning of fuel
in the mixing layer between the two coaxial streams. Figure 1 shows
the 19-injector geometry with 43 cm chamber diameter and choked
nozzle grid. The total number of grid points is about 3.8 million. The
smallest size is about 0.03 cm∕A. The number of points on the
injector surface is about 4000.
A grid independency study has been performed for the 19-injector

case with combustion chamber diameters of 43 and 28 cm. The total
numbers of grid points of the finemeshes are about 7.5million for the
19-injector geometry with 43 cm combustion chamber diameter and
10 million for the 19-injector with 28 cm combustion chamber
diameter. The results show that overall qualitatively good grid
independent solutions are achieved. The similar instability behaviors
are captured on both coarse and fine meshes for the two 19-injector
combustors. The predicted pressure oscillation frequencies by the
coarse and fine meshes are almost identical. However, the flowfield
reaches to the equilibrium state faster with the fine mesh, and more

Table 1 Test case parameters

Injectors Dc, cm Dt, cm _m, kg∕s ϵ Instability mode f, Hz Ta, K ηCH4, %

10A 10 28 9.5 80 0 None —— 3399 80.0
10B 10 28 8.2 65 0 Spontaneous longitudinal 1455.1 3540 86.6
10C 10 28 6.7 49 0 Spontaneous longitudinal 1596.3 4513 97.2
19A 19 28 9.5 80 0 Spontaneous longitudinal 1595.3 3916 84.5
19B 19 28 9.5 80 1.0 Spontaneous longitudinal 1622.7 3866 80.0
19LA 19 43 9.5 80 0 Spontaneous longitudinal 1437.0 3435 86.0
19LB 19 43 9.5 80 0.25 Triggered longitudinal 1448.0 3505 88.5
19LC 19 43 9.5 80 0.50 Triggered tangential 1771.4 4151 95.3
19LD 19 43 9.5 80 0.75 Triggered tangential 1796.5 4215 95.4
19LE 19 43 9.5 80 1.0 Triggered tangential 1807.5 4352 95.5
19LF 19 43 9.5 80 1.0 Triggered tangential 1803.5 4080 94.5

Fig. 1 The grid for 19-injector geometry with 43 cm chamber diameter
and choked nozzle: a) front view; and b) isometric view.
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high-frequency noise is captured for the 19-injector geometry with a
chamber diameter of 28 cm. To save computational costs, the coarse
mesh is used for the rest of the simulation in the paper.

F. Boundary Conditions

Along thewall, the no-slip boundary condition is used. The normal
pressure gradient on the wall is zero. Adiabatic and no surface
chemistry wall assumptions are used. At the inlet, the mean mass
fluxes for methane and oxygen are fixed at the steady-state mass flow
rate at the sonic point for the convergent nozzle. The temperature of
the inflow fuel CH4 and oxidizer O2 is at 400 K and is injected at the
stoichiometric ratio. The wave-transmissive boundary condition is
used at the outlet boundary. This is due to the supersonic nature of the
flow at the outlet. This boundary condition ensures that no backward-
propagating waves enter the system and results in shocks or
backflow.

III. Computational Results

The simulations have been made for the 11 cases, which are listed
in Table 1. The simulations start from an initially quiescent flow at
3000 K and an equilibrium chamber pressure at 200 bar. Because an
explicit ignition model is not included in the current simulation, the
higher chamber temperature helps to shorten the ignition process and
reduce the computational time. For each case, the computational cost
is about 306 CPU core hours per physical millisecond for an Intel
Xeon E5-2650 V4 2.2 GHz machine.
To trigger the tangential and longitudinal instability modes for the

19-injector combustion chamber, the following pulsing injector mass
flux is applied:

_m � ϵ _m0 sin�2πf × �t − t0�� � _m0 (23)

The pulsation begins at t0 and stops after three cycles. Two
different pulsation schemes are used in the present work, which are
shown in Fig. 2. One is a traveling wave pulsation. A travelling wave
is excited in the tangential direction by pulsing a pair of diametrically
opposite injectors with the pulses 180 deg out of phase at every 1∕12
pulsing period for the 12 injectors located at the outer ring of the
injection plate. Essentially, the alignment of the pulsing pair of
injectors rotates at the expected first tangential frequency. Another is
the standing-wave pulsation. The outer rings of the 12 injectors are
divided into two groups in different halves of the chamber.A standing
wave is excited in the transverse direction by pulsing the two groups
with the pulses 180 deg out of phase. The amplitude for each injector
is proportional to the distance from the plane of antisymmetry for the
standing wave. The pulsation frequency, which is an estimated first
tangential mode, is calculated by

f � kra

2π
(24)

and

kr �
αm;n

R
(25)

where α1;1 � 1.84, and a � ���������
γRT

p
. Also, ϵ is the pulsing mass-flux

magnitude. T is the combustion-chamber temperature.
Here, in order to discover the responses for different external

pulsing, four different pulsing mass-flux magnitudes are chosen:
ϵ � 0.25, ϵ � 0.5, ϵ � 0.75, and ϵ � 1.00.
Table 1 presents the simulation results for the 11 cases. The

instability mode is categorized, based only on the pressure oscillation
type. For the 10-injector chamber, the self-excited longitudinal
instability appears as the throat becomes smaller, and thereby the
velocity in the combustion chamber is lowered with the increased
residence time, leading to a greater combustion efficiency. The
smaller throat area also permits less acoustic energy flow through the
nozzle, which enhances the combustion instability. The longitudinal
instability in turn enhances mixing, resulting in a higher fuel burning
rate and a higher time-averaged chamber temperature. For the 19-
injector geometry with a combustion-chamber diameter equal to
28 cm, only longitudinal instability is observed for the cases with and
without the inlet mass-flux traveling wave pulsation. The inlet
pulsation, however, causes the longitudinal instability to start earlier.
The 10- and 19-injector chambers with 28 cm diameter combustion
simulation results indicate that the combustion tends to becomemore
efficient and more unstable as the number of injectors increase. The
smaller diameter chamber cannot sustain the tangential instability
wave development; so, only a longitudinal instability wave is
observed. Although, for the 19-injector geometry with a larger-
diameter 43 cmcombustion chamber,multiple solutions are observed
for different inlet mass-flux excitations. The 43 cm combustion
chamber yields a frequency of the first tangential mode close to the
frequency of the first longitudinal mode for the 28 cm (and 43 cm)
combustion chamber. This implies a Crocco time-lag effect
[2,4,5,7,8]. The detailed simulation results are analyzed in the
following sections.

A. Combustion Flowfield Analysis

In this section, the simulation results of the 43-cm-diameter
combustion-chamber cases are discussed. To trigger the tangential
instability, various magnitudes of the inlet mass-flux traveling wave
pulsation are used for cases 19LB–19LE with different magnitudes.
The inlet mass-flux standing-wave pulsation is used for case 19LF.
For every case, the pulsation begins at t0 � 10 ms with a frequency
of 1502.5 Hz, calculated by Eq. (24), and stops after three cycles.
Figure 3 shows the pressure history at a point on the combustion-
chamber wall 1.0 cm downstream from the injection plate for cases
19LA, 19LB, and 19LE. For case 19LA without pulsation, the
pressure inside the combustion chamber stays around 210 bar with
minor oscillations. The peak-to-peak pressure fluctuation is about
1% of the mean value. For case 19LB, a ϵ � 0.25 magnitude inlet
mass-flux pulsation is applied. When the moderate pulsation is
applied at 10ms, the pressure starts to oscillate with small amplitude.
The oscillation amplitude gradually grows up to about 2% of the
mean pressure. When the strong ϵ � 1.00magnitude inlet mass-flux
pulsation is applied, the pressure starts to oscillate with large
amplitude and the mean pressure quickly increases to a higher value.
The large pressure oscillation enhances the flow mixing and the
burning rate. The higher burning rate increases the temperature and
pressure inside the combustion chamber with a fixed total mass flow
rate. After a long run time, the mean pressure inside the chamber
reaches about 230 bar and the peak-to-peak pressure fluctuation is
about 20% of the mean value.
To examine the instability mode type of the combustion, we place

six pressure probes on the combustion-chamber wall 28 cm
downstream of the injection plate, and they are evenly distributed
around the wall with 60 deg intervals.
Figure 4 shows the pressure history of the last 10 ms of the

simulation on the combustion-chamber wall. For case 19LA, the
pressure fluctuations are small and the pressure fluctuations at the six
positions are all in phase. Thus, the spontaneous longitudinal
instability mode is obtained. For case 19LB, with the moderate inlet

Fig. 2 Pulsation schemes: a) travellingwave pulsation; and b) standing-
wave pulsation. (Red indicates positive, and blue indicates negative.)
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mass-flux pulsation, the pressure fluctuations are higher than case
19LA. But, the pressure fluctuations at the six positions are still all in
phase. The triggered longitudinal instability mode is obtained for this
case. When the pulsation magnitude is greater than 0.50, the
tangential instability mode is triggered. The pressure oscillation
amplitude is significantly increased to about 20% of the mean value.
The pressure fluctuations at the six positions around the wall are
60 deg out of phase, which is evidence of the tangential instability
mode. The pressure histories show similar behavior of cases 19LC–
19LE, and so only the 19LE case is presented in Fig. 4. When the
standing-wave pulsation is used for case 19LF, the triggered
tangential instability mode is also observed. Although the pressure
histories show similar patterns in cases 19LE and 19LF, there are still
some differences with the mean pressure, the oscillation frequency,
the mean temperature, and the mean fuel burning rate between them.
For the nonlinear dynamic system, different solutions and different
instability modes could be triggered by different inlet mass-flux
excitations.
From the pressure history analysis, two different types of

combustion instabilitymodes (longitudinal and tangential instabilities)
are observed. So, two cases (19LB and 19LE) are chosen to investigate
the flow behaviors of the two types of the combustion instability. The
flow behaviors of other simulations are similar to these two cases.
Figures 5–7 show the time-averaged fuel mass fraction, the heat

release rate (HRR), and the temperature in the x � 0 cm meridian
plane of the 19LB and 19LE cases with the time duration covering 12
oscillation periods.
For case 19LB, the small pressure oscillation cannot mix the fuel

and oxidizer well when they are injected into the combustion
chamber. Near the center of the combustion chamber, the burning
does not begin immediately at the injector exit but starts, rather, about
five injector diameters downstream of the injector at z ≈ 11 cm. So,
the fuel mass fraction near the center of the combustion chamber
remains high upstream near the injectors until the burning starts
downstream. Near the combustion-chamber wall, the burning starts
further upstream and the fuel mass fraction is therefore reduced
sharply. Further downstream, near the middle of the combustion
chamber where the node exists for the longitudinal instability
pressurewave, the burning rate is relatively low.With the lowburning
rate, the fuel mass fraction only has a very small change at the middle
of the combustion chamber. The propellants injected from adjacent
injectors start to mix together. Near the nozzle entrance where the
antinode exists for the longitudinal instability pressure wave, the
pressure oscillation reaches a maximum, which helps to mix the fuel
and oxidizer and enhance burning. So, the strong burning also occurs
near the nozzle entrance, which causes a large change of the fuelmass
fraction. Overall, the pressure oscillation is only about 2% of the
mean value and the combustion is relatively stable. The fuel burning
rate is relatively low, and some unburned propellants emit from the
nozzle. With the lower burning rate of 88.5%, the propellants are not
consumed rapidly and some cold propellants flow downstream with
the jets, which results in a lower time-averaged temperature of
3505 K inside the combustion chamber.
For case 19LE, the triggered strong tangential instability induces a

larger pressure amplitude, which is about 20% of the mean value of

the combustion chamber and significantly enhances themixing of the
fuel and oxidizer injected into the combustion chamber. The
propellants injected from adjacent injectors begin to mix together
near the exit of the injectors. The higher mixing rate causes a higher
burning rate. The burning starts very close to the injector. The fuel
mass fraction is quickly reduced to a low level. And, the burning is
nearly completed before the flow reaches the nozzle. The burning
efficiency is about 95.5%. Because of the high burning rate and that
the propellants are consumed more rapidly, the cold jet flow does not
extend far; so, a higher time-averaged temperature of 4352 K is
reached inside the combustion chamber.
Figure 8 shows instantaneous Mach number contour in the x � 0

meridian plane of the combustion chamber and choked nozzle for the
19LE case. The area-averaged Mach number in the throat plane is
slightly lower than the sonic value. Near the center of the throat plane,
the Mach number is about 0.96. The Mach number gradually
increases to one from the center to the higher radius region, and then it
decreases to zero on the nozzle wall. The nonuniform distribution of
the Mach number in the throat plane is caused by the viscous effects.
The sonic plane in the nozzle is distorted to a curved surface. The
Mach number in the outlet is about 1.3, which indicates the flow is
supersonic downstream of the throat and the information will not
propagate upstream. The supersonic flow is always achieved in the
divergent part of the nozzle for any other instantaneous time. The
supersonic Mach number certifies the flow is choked in the system.
For other test cases, the flow is also always choked.

B. Mechanism for Combustion Instability

To further understand the two instability mechanisms, the
instantaneous flowfields are examined for cases 19LB and 19LE.
To remove any phase-lag bias due to the spatial location of the

signals, the volume-averaged method is used [14]. For this case, the
volume that is used for the average only contains half of the
combustion chamber between the injection plate and the entrance of
the attached nozzle along the streamwise direction. Figures 9 and 10
show the volume-averaged pressure, the heat release rate, and the
vorticity magnitude history of last 10 ms for case 19LB. As seen in
Fig. 9, the heat release rate is almost in phasewith the slightly lagging
pressure oscillation for the longitudinal instability. The vorticity
magnitude oscillation frequency is the same as the pressure
oscillation frequency. However, the vorticitymagnitude oscillation is
about 90 deg out of phase with the pressure oscillation. Figure 11
shows the pressure signal of the last 10ms of the calculation along the
centerline of the combustion chamber. There is a large pressure
oscillation in the injector coupled that sustains the pressure
oscillation inside the combustion chamber. The pressure oscillations
in the injector and chamber have the same frequency but are in
opposite phases. The pressure oscillations inside the exit nozzle are
smaller and in phase with the pressure oscillation inside the
combustion chamber. Inside the combustion chamber, there are two
antinodal points: one near the exit of the injector and the other near the
entrance of the nozzle. And, the nodal point is at the middle of the
combustion chamber. The pressure oscillation is not strong enough to
form a shock wave.

Fig. 3 Pressure history on the combustion-chamber wall (z � 1 cm).
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Figures 12–14 show the instantaneous pressure deviation, the heat-

release-rate deviation, and the helicity Ω ⋅ U (the dot product of the
vorticity and velocity, which is an indicator of streamwise vorticity)
contours in the x � 0 meridian plane of the combustion chamber

during one cycle for case 19LB. During one cycle, the pressure wave
sweeps back and forth through the combustion chamber.At timeT∕4,
the pressure disturbances are close to zero inside the chamber, but the

pressure disturbances in the injectors reach the positivemaximum.At

timeT∕2, the pressure disturbances reach amaximumnear the nozzle

entrance, a negative maximum near the injector, and near zero at the
middle of the combustion chamber. The pressure disturbances in the
injector ports are reduced. The locations of both the peak pressure and

the peak heat release rate occur about five injector diameters
downstream of the injector and near the entrance of the nozzle. The
two separate unstable regions in the combustion chamber oscillate

out of phase. The helicity contours show that, near the exit of the

Fig. 4 Pressure history on the combustion-chamber wall: a) 19LA (ϵ � 0.0); b) 19LB (ϵ � 0.25); c) 19LE (ϵ � 1.0); and d) 19LF (ϵ � 1.0).
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injector, the mean flow is more stable hydrodynamically and more

like a laminar flow. The mixing is not strong in this region. At about

five injector diameters downstream of the injector, at z ≈ 11 cm, the

vortices begin roll up, which enhances mixing. Then, the burning

occurs near this region. At the middle section of the combustion

chamber, although the vortices help tomix the gases, the burning rate

is still lowdue toweak pressure oscillation at the nodal point. Near the

entrance of the nozzle, the strong burning occurs again.At time 3T∕4,
the pressure disturbances are close to zero again inside the chamber,

but the pressure disturbances in the injectors reach the negative

maximum. The heat release rate and vortex patterns change little. At

time T, the pressure disturbances near the nozzle entrance reach the

negative maximum. The pressure disturbances about five injector

diameters downstream of the injector reach the positive maximum.

However, the heat release rates become weak about five injector

diameters downstream of the injector. At the middle of the

combustion chamber, the pressure disturbance is still close to zero

and the heat release rate is relatively weak. Little spatial or temporal

correlation of the streamwise vorticity with the pressurewave is seen.

Near the nozzle entrance, the spatial pressure oscillations are

observed, which are caused by the rapid flow contraction. They

indicate a continual streamof short wavelength kinematicwaveswith

varying temperatures and vorticities is reaching the throat, and

thereby affecting the allowable mass flow.

0.125
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0.375

0.000e+00

5.000e-01
CH4

a)

0.125

0.25

0.375

0.000e+00

5.000e-01
CH4

b)
Fig. 5 Time-averaged fuel CH4 mass fraction in the combustion-chamber x plane (x � 0 cm): a) 19LB; and b) 19LE.
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Fig. 6 Time-averaged HRR in the combustion-chamber x plane (x � 0 cm): a) 19LB; and b) 19LE.
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Fig. 7 Time-averaged temperature in the combustion-chamber x plane (x � 0 cm): a) 19LB; and b) 19LE.
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Figures 15 and 16 show the volume-averaged pressure, the heat

release rate, and the vorticity magnitude for case 19LE. For this case,

the volume contains one half of the combustion chamber on one side

of a meridian plane and between the injection plate and the entrance

of the attached nozzle. As seen in Fig. 15, the heat release rate is

completely in phasewith the pressure oscillation, which results in the

strong tangential instability. The vorticity oscillation frequency is the

same as the pressure oscillation frequency and is in phase with the

pressure oscillation, which should further enhance the instability

through the mixing process. Figure 17 shows the pressure signals

along the combustion-chamber upper wall (y � 14 cm, x � 0 cm)

and lower wall (y � −14 cm, x � 0 cm) at different times. There is

also a large pressure oscillation in the injector that can sustain the

pressure oscillation inside the combustion chamber through mass

flow. Under the tangential instability mode, the system displays a

coupled mode between the oxidizer feed system and the combustion

chamber. The pressure oscillations in the injector and chamber have

the same frequency but are exactly 180 deg out of phase. The pressure

wave strength becomes weaker when the flow enters into the nozzle.

Figures 18–23 show the instantaneous pressure deviation, the heat-

release-rate deviation, and the helicity contours in the x � 0meridian

plane and the z � 1 cm cross-sectional plane of the combustion

chamber during one cycle for case 19LE. The z � 1 cm cross-

sectional plane is taken in the mainstream direction looking from the

injector toward the nozzle. At time T∕4, the pressure disturbances on
the combustion-chamber left side reach the positive maximum. The

pressure disturbances on the combustion-chamber right side reach

the negative maximum. The fluctuations gradually decrease from the

chamber wall to the center of the chamber, which is standard for the

fluid tangential mode. The heat-release-rate deviation and the

0.325
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0.975

0.000e+00

1.300e+00
Mach

Fig. 8 Instantaneous Mach number contour in the chamber x plane
(x � 0) for case 19LE.
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Fig. 9 Volume-averaged pressure and heat release rate for case 19LB.

Fig. 10 Volume-averaged pressure and vorticity magnitude for case 19LB.

Fig. 11 Pressure history along the centerline for case 19LB.
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Fig. 12 Instantaneous pressure deviations in the chamber x plane (x � 0) for 19LB: a) t � 1∕4 T; b) t � 1∕2 T; c) t � 3∕4 T; and d) t � T.
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Fig. 13 Instantaneous HRR deviations in the chamber x plane (x � 0) for 19LB: a) t � 1∕4 T; b) t � 1∕2 T; c) t � 3∕4 T; and d) t � T.
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streamwise vorticity are positive on the left side relative to each local
injector. And, the heat-release-rate deviation and the streamwise
vorticity are negative on the right side relative to each local injector.
The strong coupling between the pressure wave, the heat-release-rate

wave, and the streamwise vorticity will induce strong instability. The
pressure disturbances in the injectors are out of phase with the
pressure disturbances inside the combustion chamber. At time T∕2,
the pressure wave rotates about 90 deg in the clockwise direction
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Helicity

a)

-2.5e+5

0

2.5e+5

-5.000e+05

5.000e+05
Helicity

b)

-2.5e+5

0

2.5e+5

-5.000e+05

5.000e+05
Helicity

c)

-2.5e+5

0

2.5e+5

-5.000e+05

5.000e+05
Helicity

d)
Fig. 14 Instantaneous helicities in the chamber x plane (x � 0) for 19LB: a) t � 1∕4 T; b) t � 1∕2 T; c) t � 3∕4 T; and d) t � T.

Fig. 16 Volume-averaged pressure and vorticity magnitude for case 19LE.

Fig. 15 Volume-averaged pressure and heat release rate for case 19LE.
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Fig. 17 Pressure history along the chamber wall for case 19LE: a) upper wall (y � 14 cm, x � 0 cm); and b) lower wall (y � −14 cm, x � 0 cm).
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Fig. 18 Instantaneous pressure deviation on the chamber x plane (x � 0) for 19LE: a) t � 1∕4 T; b) t � 2∕4 T; c) t � 3∕4 T; and d) t � 4∕4 T.
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around the combustion chamber. Similarly, the heat-release-rate

wave and the streamwise vorticity wave rotate about 90 deg in the

clockwise direction around each local injector. At time 3T∕4, the
pressure disturbances distributions in the combustion chamber and

injector are opposite compared to those at time T∕4. The pressure

disturbances on the combustion-chamber left side reach the negative

maximum; the pressure disturbances on the combustion-chamber

right side reach the positive maximum. The heat-release-rate wave
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Fig. 19 Instantaneous pressure deviation on the chamber z plane (z � 1 cm) for 19LE: a) t � 1∕4 T; b) t � 2∕4 T; c) t � 3∕4 T; and d) t � 4∕4 T.
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Fig. 20 Instantaneous HRR deviation on the chamber x plane (x � 0) for 19LE: a) t � 1∕4 T; b) t � 2∕4 T; c) t � 3∕4 T; and d) t � 4∕4 T.
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and the streamwise vorticitywave rotate around each local injector, in

phase with the pressure wave, which further enhances the tangential

instability. At time T, the pressure disturbances, the heat-release-rate
deviation, and the streamwise vorticity in the combustion chamber

are opposite in sign as compared to their values at time T∕2. During
one cycle, the pressurewave rotates around the combustion chamber,

in phasewith the heat releasewave and the streamwisevorticitywave.

Figure 24 shows the instantaneous projected velocity vectors around
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Fig. 21 Instantaneous HRR deviation on the chamber z plane (z � 1 cm) for 19LE: a) t � 1∕4 T; b) t � 2∕4 T; c) t � 3∕4 T; and d) t � 4∕4 T.
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Fig. 22 Instantaneous helicity on the chamber x plane (x � 0) for 19LE: a) t � 1∕4 T; b) t � 2∕4 T; c) t � 3∕4 T; and d) t � 4∕4 T.
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injector no. 1 in Fig. 2 in the chamber transverse plane 1 cm

downstream from the injection plate. The acoustically driven

transverse flow in the combustion chamber shears and displaces the

axial jet flow and initiates internal circulation in the transverse plane

of the injector jet flow. The coupling between the pressure wave, the

heat release wave, and the streamwise vorticity wave induces the

strong instability, which results in a large pressure oscillation, as well

as a higher mixing rate and burning rate.

C. Rayleigh Index

To study the interaction between acoustic waves and flames, the

Rayleigh index is used. TheRayleigh index provides ameasure of the

power fed by combustion to the acoustics field. The time-averaged

spatially local Rayleigh index (RI) [15,27] is defined as follows:

RI � 1

paτ

Z
t0�τ

t0

γ

γ − 1
p 0 _ω dt (26)

where τ is the period of the instability, p 0 is the local pressure

oscillation, pa is the local time-averaged pressure, and _ω is the local

heat-release-rate oscillation. It provides the information about the

pressure and heat-release-rate coupling mechanism. If the pressure

oscillates in phase with heat release rate, the flow is more likely to be

unstable. If they are out of phase, stability is more likely. The

Rayleigh index has been calculated for the cases 19LB and 19LE.

And, the values are averaged over the last 5 ms of the simulation.
Figures 25 and 26 show the time-averaged Rayleigh index in two

planes of the combustion chamber for cases 19LB and 19LE. For the

19LB case, the values of the Rayleigh index are small. The

distribution of the Rayleigh index shows that there are two high value

zones: one at five injector diameters downstream, and the other near

the nozzle entrance. The two zones coincide with the fuel burning

locations. In the middle of the chamber, the values of the Rayleigh

index are close to zero, whichmeans there are very small pressure and

heat-release-rate oscillations in that region. That is caused by two

longitudinal instability waves sweeping back and forth through the
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Fig. 23 Instantaneous helicity on the chamber x plane (z � 1 cm) for 19LE: a) t � 1∕4 T; b) t � 2∕4 T; c) t � 3∕4 T; and d) t � 4∕4 T.

Fig. 24 Instantaneous velocity vectors in the chamber z plane
(z � 1 cm) for 19LE.
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Fig. 25 Time-averaged Rayleigh Index on the combustion-chamber x plane (x � 0): a) 19LB; and b) 19LE.
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chamber, and the middle section of the chamber is the nodal point.

For the 19LE case, the values of theRayleigh index are large, which is

associated with the large amplitude of the fluctuations. The spinning

tangential instability wave travels around the chamber and makes the

large positive Rayleigh index region extend all through the chamber.

And, the maximum positive Rayleigh index region appears in the

outer regions near the chamber wall.

D. Injector-Size Scaling Effects

In this section, a preliminary analysis of injector-size scaling effects

is given. Here the 10- and 19-injector chambers with 28 cm diameters

are tested. In addition to matching the mass flow rate, another

parameter of K � D∕�ΔU�n is preserved for the 10- and 19-injector

combustors. The preserving parameter K is used to match the similar

mixing rates of the jets. The motivation for this particular study is that

the characteristic time for mixing should be commensurate with the

period of oscillation to drive an instability. This concept is consistent
with the Crocco time-lag theory [2,4,5,7,8]. Thus, in order for the two
injector configurations to produce the same stability behavior in a
chamber with the same resonant frequency, the mixing time should be
the same for both configurations. A simple concept is that the mixing
time is an eddy turnover time, which is proportional toD∕�ΔU�n. The
mixing time increases with an increasing injector diameter D and a
decreasing difference between the fuel and oxidizer injection
velocities. After several trials, we found the 10- and 19-injector
combustors displayed similar instabilities when n � 1.25. Table 2
presents the simulation results. Figure 27 shows the pressure history on
the combustion-chamberwall at 1.0 cmdownstream from the injection
plate for cases 10D and 19A. When the injector size is designed by
considering the mixing rate effect, the spontaneous longitudinal
instability with a similar oscillation frequency can be obtained in the
10- and 19-injector combustors. Another oxygen–fuel mixture ratio of
4:1.1 (i.e., fuel-rich combustion case) is also tested to confirm the
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Fig. 26 Time-averaged Rayleigh Index on the combustion-chamber z plane (z � 28 cm): a) 19LB; and b) 19LE.

Table 2 Injector-size scaling

Injectors Mixture ratio (oxygen/fuel) Instability mode f, Hz K, m∕�m∕s�n n ΔU, m∕s
10D 10 4:1 Spontaneous longitudinal 1580.5 2.916E − 05 1.25 170.0
19A 19 4:1 Spontaneous longitudinal 1595.3 2.916E − 05 1.25 141.5
10E 10 4:1.1 Spontaneous longitudinal 1610.0 2.436E − 05 1.25 196.3
19C 19 4:1.1 Spontaneous longitudinal 1596.1 2.434E − 05 1.25 163.4

Fig. 27 Pressure histories on the combustion-chamber wall: a) 10D; and b) 19A.
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finding. Figure 28 shows the pressure history on the combustion
chamber wall at 1.0 cm downstream from the injection plate for cases
10E and 19Cwith an oxygen–fuel mixture ratio of 4:1.1. The pressure
oscillation behaviors for the two cases 10E and 19C are also similar.

IV. Conclusions

A computational study of the nonlinear combustion instability of a
multi-injector rocket engine is presented. Spontaneous and triggered
longitudinal instability modes can be observed for the 28-cm-
diameter combustion chamber. For the larger-diameter 43 cm
combustion chamber, different solutions are obtained with different
inlet mass-flux pulsations. A longitudinal instability occurs for the
cases without propellant flow pulsation and with moderate ϵ � 0.25
magnitude inlet mass-flux pulsation. The tangential instability is
triggered when the magnitude of the inlet mass-flux pulsation is
greater than the threshold value of ϵ � 0.50. A pulsed disturbance
is able to transfer the oscillation from one unstable mode to another
unstable mode.
The large-amplitude tangential pressurewave oscillation enhances

the mixing by generation of the streamwise vorticity and the fuel
burning efficiency, which results in the higher time-averaged
temperature and pressure inside the combustion chamber. The
instability generally enhances the mixing and combustion processes:
especially in regions of large amplitude. Of course, the enhancement
drives the instability wavewhere the pressure and heat release rate are
in phase.
For the 28-cm-diam combustion chamber, a similar combustion

instability with 10- and 19-injector geometries is obtained by
preserving the mixing rate parameter of K � D∕�ΔU�1.25.
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