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3D Wave Equation 



Linearization and separation of variables 
in cylindrical combustion chamber 



Wall Boundary Condition and 
Oscillation Mode 

Full Cylinder 

Annular Chamber 

Acoustically Lined Walls 



Modes  of  Transverse  Oscillation 



Radial and Tangential Velocities  
for Linear Perturbations 



Determination of Frequency and Growth Rate 

Growth Rate 

Frequency 



Crocco  Sensitive-Time-lag  Theory 
n and tau are two  
parameters   dependent  
largely on propellant  
and injector design. The  
theory could be developed,  
alternatively, with a gain  
and phase, e.g.,  a complex    
         number  giving the  
         ratio of burning-rate  
        perturbation to pressure 
        perturbation. 



Stability  Limits  for  Longitudinal  Mode 





Nozzle Admittance Theory 

-- Generally, the nozzle dimensions will be of the same order as  
the wavelength. Therefore, the determination of the waveform  
is important; the combustion chamber oscillation is implicitly  
affected through the use of an admittance function applied as a  
condition at the chamber exit (nozzle entrance). 
-- Short (small) nozzles will behave in a quasi-steady manner. 
-- Calculation results can be scaled to cover an infinite range of  
nozzle shapes. 



Linear Nozzle Flow Oscillations 



Analysis of  Longitudinal   Variation  
 Solution at Singular Point (Nozzle Throat) 



Special Case of Isentropic Flow 
A first-order ordinary differential equation can be  formed; it  
is integrated starting from the throat in the upstream  
direction, using the analytic solution at the throat. It directly  
Yields information about the admittance function. 



Similarly, the general case can be recast with first-
order ODEs integrated starting from the throat.  



A certain combination of admittance coefficients  
is useful for transverse oscillations. 



Acoustic Liners 

Acoustic Liners can be  
Helmholtz resonators,  
quarter wave tubes,  
or a hybrid of both. 
 
They take energy  from  
the outer flow. The  
primary nonlinear  
dissipative mechanism  
is the exit jet which  
alternates position at  
each end of the orifice. 



Acoustic Liner Perturbations 
The physics of the Helmholtz resonator involve four simple aspects: 
1)  an oscillating external pressure which drives the Helmholtz  
 resonator oscillation; 
2) a cavity which essentially is a capacitor with time-varying mass  
 and density due to alternating mass influx and efflux ; 
3)  oscillatory motion in the orifice with friction losses that are the 
 primary linear dissipative mechanism; and 
4)  the jet that alternates position between the two orifice ends and  
 provides the stagnation pressure loss which is the  
 primary nonlinear  dissipative mechanism. 
 
The pressure drop across the jet is proportional to the square of  
the jet velocity as dictated by Bernoulli’s Law. Therefore, in the  
perturbation scheme here, pressure perturbation is made  
proportional to the amplitude parameter while velocity perturbation  
is proportioned to the  square root of that amplitude parameter. 



Admittance for Helmholtz Resonator 



Admittance for Quarter-Wave Tube 
Longitudinal standing wave                           Transverse travelling wave      



Nonlinear  Longitudinal  Mode  Instability  with  Shocks 

Premixed Combustion (no time lag) 
 
Concentrated Combustion Zone  
 
Short (Quasi-steady) Nozzle 
 
Use of Characteristic Coordinates 
(method of strained coordinates, 
PLK method) 
 
Limit Cycle 



Perturbation Method 

  ε    is the perturbation parameter and can be considered  
as a measure of the amplitude of the oscillation.   Coordinates  
are perturbed here as well – An extension of Poincare’s method. 



One-dimensional, Unsteady Gasdynamic Equations 

Constant properties 
 
Inviscid and isentropic  
except through shocks 
 
Riemann invariants are used 



 Boundary   Conditions 

Combustion   Zone 

Entrance to Short Nozzle 



The amplitude parameter ε and the curvature parameter  λ  
are determined from the second-order analysis (similar to  
Poincare’s elimination of secular terms) 



Flowfield  Solutions 

Region I 
 
 
Region II 
 
 
 
 
Shocks 
 
 
Oscillation 
Period 



Pressure and Velocity Waveforms 



Comparison of  Theory  and  Experiment 



Nonlinear Combustion Instability and Triggering Action 



Perturbation Theory  
predicts both stable  
and unstable limit  
Cycles . 
 
First-order theory  
predicts linear 
 stability limit while 
higher-order theory 
gives a stability  
surface. 

Nonlinear Instability  
with Time Lag 



Longitudinal  Mode Oscillation  without Shock Waves 



Liquid-Fueled Ramjet Combustion Instability   
with vaporization, mixing, and kinetic modelling 

 
Computational Domain, Dimensions, Conditions 



Gas-Phase Equations 



Liquid-Phase Equations 



Initial  and  
Boundary  
Conditions 



Instability is predicted 



Ramjet  Instability  Domains 



Observations (1) 



Observations (2) 



Observations (3) 



Thank    you. 
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